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ABSTRACT 

The  objective  of  this  paper  is  to  present  the  application  of  graph  theory  of  modelling  the  traffic  problems  by 
representing  them  in  terms  of  graphs  and  in  particular ,  the  application  of  compatibility  graph  corresponding  to  the 
problem ,  spanning  subgraph  and  circular  arc  graphs  are  used  to  convert  the  problem  to  an  LP  problem.  The  solution  to 
the  LP  problem  can  be  used  for  traffic  management  problems  with  an  efficient  way  to  minimize  the  waiting  time  of  the 
traffic  participants  at  junctions ,  congestions  and  it  has  been  shown  through  an  example. 
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INTRODUCTION 

In  the  present  era  of  the  globalized  world,  Graph  theory  has  gained  much  attention  to  almost  all  the  areas 
of  science  and  other  disciplines  due  to  its  direct  applications  of  the  real  life  problems.  The  most  common  problem 
of  huge  cities  throughout  the  world  is  traffic  congestion.  It  is  due  to  the  continuous  growth  of  population  and 
development.  Every  year  new  street  and  highways  are  built  in  most  of  the  urban  areas  to  accommodate  the 
growing  number  of  vehicles  [1].  The  number  of  increase  in  vehicles  for  metropolitan  cities  led  to  a  time  loss  of 
traffic  participants,  ecological  and  sound  pollution  that  will  in  turn  increase  the  traffic  accidents.  The  major 
hurdles  for  the  growth  of  many  metropolitan  cities  are  the  traffic  congestion  that  affects  millions  of  people.  New 
roads  can  be  constructed  to  improve  the  situations,  but  due  to  its  cost  and  the  existing  structures,  it  is  difficult  in 
many  cases.  The  current  road  networks  can  control  the  flow  of  traffic  in  these  situations  in  a  more  efficient  way 
[2].  For  handling  the  city  traffic  in  a  more  proficient  way  by  appropriate  traffic  management  as  an  alternative  of 
modifying  the  road  infrastructures,  a  method  has  been  employed  in  the  present  paper.  An  arrow  indicates  the 
direction  of  commuting.  The  Graph  that  shows  directions  is  called  Digraph  while  the  one  without  directions  is 
known  as  a  Graph.  These  features  of  Graph  Theory  can  easily  handle  the  traffic  management  problem  with 
mathematical  modelling.  A  distinct  type  of  traffic  problem  has  been  solved  in  this  paper  by  an  example  of  an 
offering  method  as  an  application  of  circular  arc  graphs. 

The  basic  and  required  definitions  like  circular  arc  graph,  intersection  graphs,  interval  graphs  and  clique 
can  be  found  in  [2,3,  7&8]. 

PROBLEM  STATEMENT 

To  install  the  traffic  lights  at  road  junctions  such  that  the  traffic  must  flow  smoothly  and  efficiently  at  the 
particular  junction  is  the  main  objective  under  study.  In  the  present  problem,  a  specific  example  is  considered  and 
explained  how  the  problem  could  be  modelled  and  solved. 
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AN  EXAMPLE 

Figure  1  depicts  a  four-leg  intersection,  with  five  streams  of  traffic,  viz.  a,  b,  c,  d,  e  and  are  taken  from  [4]. 


At  an  intersection,  the  vehicles  that  are  approaching  towards  it  prepare  themselves  to  do  certain  movements,  i.e.  to 
drive  through,  turn  left,  or  turn  right  at  an  intersection.  Vehicles,  which  perform  these  movements,  represent  a  flow 
component.  These  arrival  flow  components  are  called  traffic  streams  [5].  The  traffic  streams  that  moves  simultaneously  at 
an  intersection  without  any  clash  are  known  as  compatible.  For  example,  the  traffic  streams  band  is  compatible  whereas 
and  are  non-compatible  as  shown  in  Fig.  1.  The  phasing  of  lights  should  be  in  such  a  way  that  the  two  streams  are 
compatible  when  the  green  lights  are  on  for  both  the  streams. We  assume  that  the  total  time  to  completeone  cycle  is  120 
second  i.e.  two  minutes  during  green  and  red  lights. A  graph  G  is  constructed  in  such  a  way  that  its  vertex  set  to  consist  of 
the  traffic  streamsinthe  problemand  join  the  two  vertices  of  G  by  an  edgeif  and  only  if,  the  corresponding  streams  are 
compatible.Thus,  the  obtained  graph  is  the  compatibility  graph  corresponding  to  the  problem  under  study.  Fig.  2,  is  the 
compatibility  graph  of  Figure  1  and  are  taken  from  [4] . 


Figure  2:  Graph  G  (Compatibility  Graph  of  Figure  1) 

Let  us  assume  a  circle  and  the  perimeter  of  this  circle  corresponds  to  the  total  cycle  period,  viz.  120  seconds  and 
also  consider  that  an  arc  of  this  circle  corresponds  to  the  duration  when  a  given  traffic  stream  gets  a  green  light.  Therefore, 
two  such  arcs  of  the  circle  canjoinif  and  only  if  the  corresponding  streams  are  compatible.  The  circular  arc  graph  thus 
obtained  may  not  be  the  compatibility  graph  because  we  are  not  asserting  that  two  arcs  intersect  whenever  there 
corresponds  to  a  compatible  flow.  (Because  two  streams  might  not  get  a  green  light  simultaneously  even  though  they  are 
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compatible).  However,  the  intersection  graph  H  of  this  circular  arc  graph  will  be  a  spanning  sub  graph  of  the  compatibility 
graph  [6] .  Here,  we  have  to  take  all  spanning  subgraphs  of  G  into  account  and  select  from  them  the  spanning  sub  graph  that 
have  the  maximal  cliques  [3,  6].  The  proper  groups  and  J  for  this  exampleisdepicted  in  Figures3&  4. 


Figure  3:  Graph  H 


Figure  4:  Graph  J  (Intersection  Graphs) 


The  performance  of  the  phasing  may  be  calculated  byminimalizing  the  total  red  light  time  for  a  traffic  cycle  is.  e. 
The  total  waiting  time  for  all  the  traffic  streams  during  a  cycle.  For  the  sake  of  concreteness,  suppose  that  at  the  starting 
time,  all  lights  are  red.  The  maximal  clique  of  H  is  /q  =  [a,  b ,  c},k2  =  { b ,  c,  d }  and  k3  =  { d ,  e}.  To  eachclique  kt  1  <  i  < 
3, there  corresponds  a  phase  during  which  all  the  streams  in  thatclique  get  a  green  light.  Traffic  streams  c,  b  and  a  gets  a 
green  light  in  phase  1;  in  phase  2,  c,  d  and  gets  a  green  light;  in  phase  3,  e  and  d  get  a  green  light.  Suppose  we  allocate  a 
duration  dt  To  each  phase/e;.  The  objective  is  to  find  thed;  ’S  (>0)  and  thus  to  have  the  minimum  total  waiting  time  of  the 
traffic  participants.  Further,  we  may  consider  that  for  any  stream,  the  minimum  green  light  time  is  20  seconds.  When  the 
phase  k2  Gets  a  green  light,  then  the  traffic  stream  a  gets  a  red  light.  Hence  a’s  total  red  light  time  is  d2  +  d3.  Similarly,  all 
the  streams  b,  c,  d ,  and  e  respectively  gets  a  total  red  light  time  as  d3,  d3,  d1Sindd1  +  d2.  Therefore,  the  total  red  light  time 
for  one  cycle  for  all  streams  isZ  =  2 d1  +  d2  +  2 d3.  The  objective  is  to  minimize  Z  subject  to  dt  >  0, 1  <  i  <  3  and  dx  > 
20 ,d2  >20 ,d3  >20 ,d±  +  d2  >20 ,d2  -\-  d3  >20  and  d1  +  d2  +  d3  =  120.  The  optimum  solution  to  this  LP  problem 
is dx  =  20,  d2  =  80, d3  =  20,  min  Z=160.  However,  this  is  not  finished  yet  because  there  are  other  possible  circular  arc 
graphs.  Fig.  4  gives  another  possible  green  light  arrangement  and  its  corresponding  intersection  graph.  With  reference  to 
this  graph  a  similar  maximal  clique  of  J  are/q  =  {a,  b,  c},k2  =  {b,  c,  d}  and  k3  =  [a,  e}.  To  each  clique  kt  1  <  i  <  3,  there 
corresponds  a  phase  in  which  all  streams  in  that  clique  gets  a  green  light.  Traffic  streams  a,  b  and  c  receive  a  green  light  in 
phase  1;  in  phase  2,  b,  c  and  d  receive  a  green  light;  in  phase  3,  a  and  we  receive  a  green  light.  Suppose  we  assign  to  each 
phase  kt  A  duration*^.  Again  the  aim  is  to  find  the  dt  ’S  (>0)  in  such  a  way  that  the  total  waiting  time  is  minimized. 
Further,  we  may  assume  that  the  minimum  green  light  time  for  any  stream  is  20  seconds.  Traffic  streams  a  gets  a  red  light 
when  the  phase  k2 Receive  a  green  light.  Hence  a’s  total  red  light  time  is  d2.  Similarly,  the  total  red  light  time  of  all 
streams  b,  c,  d ,  and  e  respectively  ared3,  d3,  dx  +  d3  And  d1  +  d2.  Therefore  the  total  red  light  time  of  all  streams  in  one 
cycle  isZ  =  2 dx  +  2 d2  +  3 d3.  The  aim  is  to  minimize  Z  subject  tod;  >  0, 1  <  i  <  3, dx  >  20, d2  >  20,  d3  >  20 ,di  + 
d2  >  20,  d1  +  d3  >  20  and  d1  +  d2  +  d3  =  120.The  optimum  solution  corresponding  to  this  Linear  Programming  (LP) 
problem  isc^  =  80,  d2  =  20, d3  =  20,  min  Z=260  (in  seconds).  Hence,  by  exhausting  all  possible  circular  arc  graphs  and 
then  selecting  the  least  of  all  the  minima  so  obtained.  The  least  that  value  relates  to  this  phasing  would  be  the  finestphasing 
of  the  traffic  lights.  The  least  value  of  the  best  phasing  of  the  above  problem  is  160  (in  seconds). 
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The  present  paper  gives  an  insight  of  the  theory  of  circular  arc  graphs;  here  the  problem  of  phasing  of  traffic  lights 
at  junction  of  four-leg  intersection  with  five  traffic  streams  has  been  solved  by  the  LP  method  such  that  the  traffic  signals 
could  be  usedmoreproficiently  to  evade  the  long  waiting  time  at  junctions  and  overcrowding.  Two  different  possible  green 
light  arrangements  and  their  corresponding  intersection  graphs  have  been  plotted  to  clearly  understand  the  problem  and 
apply  it  to  the  practical  implementation  at  various  junctions  of  similar  kind  and  thus  could  be  applied  very  effectively  for 
day-to-day  life. 
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